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A MODEL IN WHICH GCH HOLDS AT SUCCESSORS
BUT FAILS AT LIMITS

JAMES CUMMINGS

ABSTRACT. Starting with GCH and a ;k-hypermeasurable cardinal, a model
is produced in which 2% = A* if A is a successor cardinal and 2% = A*++ if
A is a limit cardinal. The proof uses a Reverse Easton extension followed by a
modified Radin forcing.

1. INTRODUCTION

1.1. Historical remarks and statement of the main result. The continuum prob-
lem is an old one, dating back to Cantor and his statement of the Continuum
Hypothesis in [Ca]. Put in a modern form which might have puzzled Can-
tor, the problem is to determine which behaviours of the continuum function
K — 2% are consistent with ZFC. Throughout this paper ZFC will be the base
set theory, though as we see below strong set-theoretic hypotheses will play an
essential role in the resuit.

Before Godel, progress on the continuum problem was made by the descrip-
tive set theorists, who showed that certain easily definable sets of reals could not
be counterexamples to CH. Godel [G] took the major step forward of showing
that in a certain submodel of V', the constructible universe L, the following
Generalised Continuum Hypothesis is true (here CARD denotes the class of
cardinals):

(GCH) Vk € CARD 2¥ = k™.

Then in 1963 Cohen [Co] initiated the method of forcing and showed that
the negation of CH was also consistent with ZFC, making CH the first statement
of “natural” mathematics to be shown undecidable in set theory. This break-
through was quickly followed by the work of Easton [E], who showed that if
GCH holds in V and F : REG — CARD (where REG is the class of regular
cardinals) is a class function such that

vk € REG F(k) >k,
VK, A€ REG Kk <i= F(k)<F(4),
Vk € REG cf(F(k)) >k,
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then there exists a class forcing preserving all cardinals and cofinalities such that
in the extension
VK € REG 2 = F(k).

That is, the values of the continuum function at regular cardinals are highly
independent of each other, and can be “anything reasonable.”

It is worth noticing that all the consistency results mentioned so far
are relative to ZFC, that is, are results of the form “Con(ZFC) implies
Con(ZFC + ¢),” where ¢ is some statement of set theory.

The first connection between large cardinals and the continuum function
was made slightly prior to the invention of forcing by Scott [Sc], who used his
technique of taking ultrapowers of V' to show that if x is measurable, U is
a normal measure on kK, and {a < k¥ [2* = a*} € U then 2¥ = xk*. So
sufficiently strong large cardinals can impose some structure on the behaviour
of the continuum function.

For some time after Easton’s work it was felt that Easton’s result should
generalise to any “reasonable” function F : CARD — CARD, and that all
that was needed were more sophisticated techniques for forcing over models of
ZFC; but then Silver [Sil] proved some theorems showing that if x is a singular
strong limit cardinal of uncountable cofinality then there is a strong connection
between the behaviour of the continuum function below x and the value of
2¥ . For example if GCH fails at k then it already fails on a closed unbounded
set of cardinals less than x (the parallel with Scott’s result is not coincidence;
Silver’s proof goes via a generic ultrapower by an ultrafilter extending the club
filter).

More surprises were in store; let SCH (Singular Cardinals Hypothesis) be
the assertion that if x is singular then 2% is the least cardinal A > 2<% with
cf(A) > k. This would imply that the continuum function was determined by its
behaviour on the class of regular cardinals. Jensen [DJ] was inspired by seeing
Silver’s result to show that if 0! does not exist then SCH is true: however
by work of Silver and Prikry (see [Si2, P]) it was known that if the existence
of a supercompact cardinal is consistent then so is the failure of SCH (use
Reverse Easton forcing to get a measurable x such that 2¥ = x** | then use
Prikry forcing to make x have cofinality w; x becomes a rather large singular
strong limit cardinal at which GCH fails). So large cardinals are essential for
an understanding of the continuum function.

It is natural to ask about the situation at small singular cardinals. Magidor
showed in [Mal, Ma2] that (among other things)

(1) Con(ZFC +GCH+ there is k¥ x**-supercompact) implies Con( R, is
strong limit and 2% = R,,,, ), and

(2) Con(ZFC + there exist k < A with x supercompact and A huge)
implies Con(GCH holds below X, and 2% =R,,,).

From (1) SCH can fail at the smallest singular cardinal of them all; from (2)
no direct analogue of the theorem from [Sil] mentioned above can hold.

There is a large gap in strength between 0! and a supercompact cardinal. At
one end Dodd and Jensen [D] invented the core model and showed that fail-
ure of SCH has consistency strength greater than that of a measurable cardinal,
and following this line of research Mitchell [Mi2] obtained the consistency of
measurable cardinals of high order from the failure of SCH. At the other end
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Woodin [W] showed how to get Magidor’s result (1) from the consistency of
a % k-hypermeasurable cardinal. Shelah obtained some bounds [Sh1, Chap-
ter XIII] for singular cardinals of cofinality w: for example if ¥, is strong
limit then 2% < R(aey+ - Shelah also showed [Sh2] that R, being strong limit
was consistent with 2% being any successor cardinal below R, , using a su-
percompact, and Magidor extended this in unpublished work to get a similar
result with GCH holding below X, .

Another line of development has involved global results. Foreman and
Woodin [FW] showed that starting from slightly more than a supercompact
it is consistent that the GCH fail everywhere, and Woodin then produced a
model where Vi 2 = k**. Woodin later showed that hypermeasurability-type
hypotheses suffice for these results.

This paper, which is basically a revised version of Chapter 2 of my doctoral
thesis [C], also proves a global result: if a F4x-hypermeasurable cardinal is
consistent then so is

ZFC + GCH holds at all successors and fails at all limits.

The final model is of the form V,*, where x is a J%k-hypermeasurable in
V*, so the model contains many smallish large cardinals.

The proof combines Radin forcing with ideas from unpublished work of
Woodin, in which he shows that Magidor’s result (2) mentioned above can also
be done from a % k-hypermeasurable.

Added in proof. Magidor and Gitik [GM] have recently determined the exact
strength of the failure of SCH. A sample result is that failure at R, is equicon-
sistent with o(k) = xk*™+. Their methods will also do Magidor’s result (2)
from this hypothesis (and indeed the stronger result with GCH up to X, and
a countable jump at R, from less than a strong cardinal) but are very specific
to cardinals of cofinality @ and do not seem to mix with Radin forcing in any
straightforward way.

Also Shelah has proved the surprising theorem that if 2% < R, then R}° <
R,, , and shown that some new idea is needed to make a model in which R, is
strong limit and 2% > R, .

1.2. Background material. In this subsection we establish our terminology and
notation; we also give proofs for some facts which we need in the Reverse Easton
construction of §2. These facts are part of the folk literature of set theory, but
we give the proofs here to make the exposition self-contained.

The set-theoretic notation used is mostly that of [J], with the caveat that the
forcing terminology is that of Kunen’s reference [K]; in particular, “ k-closed”
means “having lower bounds for decreasing sequences of length /ess than x.”
“ k-dense” means that the intersection of fewer than x dense open sets is dense.
(set theoretic term),, means the result of computing the term in the model M ,
and when we write for example

M E cf(A) = k*+*

we mean that cfy(4) = xj. If P is a poset and p € P then P [ p is used
to denote {gq € P|q <p p} with the inherited partial ordering. When we say
that two posets are isomorphic we mean there is an order preserving map from
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one to the other with dense domain and range (this is enough to make them
equivalent from the point of view of forcing).

Certain forcing notions will be used very heavily; if k is regular, A >k isa
cardinal, and u > x is inaccessible then

(1) Add(x,A) is the poset of partial functions from x x A to 2 with
supports of size less than k. We regard it as adding A generic subsets
of k. Itis x-closed and (2<¥)*-c.c., and will make 2<* have cardinality
x without adding bounded subsets to x .

(2) Coll(k, A) is the poset of partial functions from x to A with supports
of size less than x . It will collapse A to be of cardinality « .

(3) Coll(x, < u) is the poset of partial functions f : x x u ~ u, where f
has support of size less than k¥ and Va Vg f(a, ) < B. Itis k-closed
and p-c.c., and makes u into the successor of x .

Many well-known facts about iterated forcing will be used without comment;
we refer the reader to Baumgartner’s article [B].
1. Extenders. An extender is a device for describing an elementary embedding
between models of set theory; there is a good account in [MS] but our conven-
tions differ rather from those of Martin and Steel. The reader of [MS] should
have no trouble in providing proofs for the assertions we make here.

Definition. Let a, b be finite sets of ordinals with a C b. Suppose

b={ay,...,an}<, a={ay, ..., }<.
Define f;; : [ON]" — [ON]™ by
Jab AL oo Ande o {Ay s oL A )<

Definition. Let M be a transitive model of ZFC, let ¥ be a cardinal of M,
and let 1 > x be an ordinal. Then E is a (x, A)-M-extender iff

E=(E;:a€[A""),
where for some ordinal u
(1) Forall a € [A]<® E, isa M-k-complete M-ultrafilter on [u]!l .
(2) Forall a, b € [A]<?, if a Cc b and f : [u]"®! — [u]'? is defined as
above, then
VA A€ E; & { x| fap(x) € A} € Ep.

(3) The limit ultrapower of M by the system E (which exists by (1) and
(2) and standard facts about limit ultrapowers) is well founded.
(4) If jg: M — N is the limit ultrapower embedding then
(a) crit(jg) =«.
(b) A< je(w).
(c) Forall ae[A]*® X € E; & ac€ jg(X).
(d) N={je()@|acAI*AfeMAf:[u]"—-M}.

Definition. If E is an extender as above then the critical point of E is k, the
length of E is A, and the width of E is u.

The motivation for this definition is that if we have transitive models of ZFC
M, N, and an elementary embedding i: M — N such that A < i(u), then we
can define a (crit(i), 4)-M-extender of width u by

X €E, & aci(X)
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for a € [A]<®. The embedding i will factor as k o jg, where crit(k) > A and
k :(f,a)g — i(f)(a). ip is an approximation to i/ which improves as A
increases.

We list some facts.

Fact 1. If GCH holds and j:V — M is an elementary embedding into a transi-
tive inner model M , with critical point x, such that *M c M and Vi, C M
(a so-called P,x-hypermeasurable embedding) then the extender of length k*"
approximating j has width x and gives rise to a &,k-hypermeasurable embed-
ding.

Fact 2. Let GCH hold, and let j: V — M be a P,k-hypermeasurable embed-
ding generated by a (k , k™")-V-extender. Factor j as koj,, where jo: V — My
is the ultrapower of V by {X |k € j(X)}. Then k is generated by a (rcj(;; , K11)-
Moy-extender of width K" .

Fact 3. If E € V is a V-extender then for every ordinal o the ath iterate of
V by E exists and is well founded.

We make the remark that GCH was critical to the truth of Facts 1 and 2;
later on we will construct a model in which k is Z«k-hypermeasurable and
2% = k+*+  and there we will need a (x , k*3)-extender to describe the associated
elementary embedding. This is natural enough, since in this instance we have
[Viera| = %3,

2. Extending embeddings. We collect some information about forcing and
elementary embeddings, for use in the Reverse Easton constructions of §2.

Fact 1. Let M, N be inner models of ZFC, j: M — N an elementary em-
bedding, and P € M a notion of forcing. Let G be P-generic over M, H
Jj(P)-generic over N, and suppose

(%) VpeP peG= j(p) e H.
Then j can be extended to j*: M[G] — N[H], where

J*ig(t) = in(j(1))
and j* is still elementary.

Proof. Let ¢(xy, ..., x,) be a formula of set theory with free variables among
Xlyoeeesy Xn.
MG F ¢(ic(t1), ..., ig(Tn))
=3IpeGpd oy, ..., 1)
=3g€H qFNp ¢(i(11), .., j(1n))

= N[H]E ¢(in(j(t1)), .- 5 in(J(Tn)))-
Letting ¢ be “x; = x;,” j* is well defined; replacing ¢ by —¢, j* is fully
elementary. O

Fact 2. Let M, N, j, P € M be as in the statement of Fact 1. Let j be
generated by an extender with width u, andlet M E“P is u*-dense.” Let G
be P-generic over M . Then

H={qej(P)|peCG jp)<q}
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is j(P)-generic over N, andas () holds j extends to an elementary embedding
Jj*: M[G] — N[H].
Proof. Let D € N, D C j(P) be a dense open subset. D = j(f)(a), where
a € [ON]<®, fe M, and
vx € [u]®l f(x) is a dense open subset of P.
As M EP ut-dense,
D= [ flx)
x€[u]lel
is a dense open subset of P. D* € M, so find p such that p € D*NG.
MEVx pe f(x),thus NF j(p)€ j(f)(a)=D.So DNH # &, hence H is
generic. 0O

Fact 3. Let M, N, j, P, G, H be as in the statement of Fact 1. Let (x)
hold, and let j be generated by a (x, A)-M-extender. Then j* is so generated.

Proof. Let x € N[H]. x = iy(1) for some © € N/P) . t = j(f)(a), where
acA<®, feM, f:[u]ld - MP. Define f* € M[G], dom(f*) = [u]'e,
[y = ic(f(y)). Clearly x = j*(f*)(a), so

N[H]={j"(g)(b)| g € M[G], b€ [A]**}. O

3. Building generics. We collect some facts pertinent to constructing generics
over one model inside another.

Fact 1. Let M, N be inner models of ZFC, M CN. Let Pe M,
N E“P is A-closed,”
NE|{A]| A is a maximal antichainin P, Ae M }| <A.

Then there is in N a P-generic filter over M .

Proof. In N, enumerate the set of maximal antichains of P lying in M as
(Ay : @ < A). Build by induction a sequence (p, : @ < 4) such that

a< B =pg<Pa, Ya 3x € Ay po < X.
The closure enables the construction to be continued at limit stages.
G={peP|3ap.<p}
is clearly a filter on P which is generic over M. O

Fact 2. Let M, N be inner models of ZFC, M C N, k € ON. Then
NE*MCM&NEFONC M.
Proof. By AC , every set in M is in bijection with some ordinal. O

Fact 3. Let M, N be inner models of ZFC, M C N, N * M C M. Let
P € M be a forcing notion, Nk “P is k*-c.c,” and let G be P-generic over
N. Then N[G]E*M|[G] C M[G].

Proof. By Fact 2 it is enough to show that N[G] E *ON C M[G]. But it is
immediate from the chain condition of P in N that to any name in N for
a k-sequence of ordinals there corresponds an equivalent name in M?. 0O

4. Mutual genericity. We give some results which guarantee the mutual gener-
icity of generic objects under certain circumstances.
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Fact 1 (Easton’s Lemma). Let P a k-c.c notion of forcing, and Q be a k-closed
one. Then \+p “ Q is k-dense,” |kg “ P is k-c.c,” and generics for P and Q
are mutually generic.

Proof. Let A€ V2, q € Q, be such that
gIF“A:k — P enumerates an antichain.”

Define a descending sequence (g, : a < k) of elements of @, and a sequence
(Do : a < k) of elements of P such that gy = ¢ and Va < K gayq IF A(&) = Pa .
Then clearly (p, : a@ < k) enumerates an antichain in P lyingin V' ; thisis a
contradiction, so we conclude that -y Pk-c.c.

Let G be P-generic, and H be Q-generic. The mutual genericity of G and
H is immediate, for if 4 € V[H] is a maximal antichain in P then |4| < k
so AeV and ANG#o.

Finally we show that V[G] and V[G][H] have the same < k-sequences of
ordinals. V[G][H] = V[H][G],solet © € V[H]® be a term for such a sequence.
By a chain condition argument we can assume ¢ C P x ON and |z < k, so
T €V byclosure. O

The following fact is due to Woodin, and plays a central role in [W].

Fact 2. Let k be a measurable cardinal, U some normal measure on x, and
j: V — M the ultrapower by U. Let P be a k-closed partial ordering, and let
Q=jP). "M C M and j(k) >k, so Q is k*-closed; let G be Q-generic
over V, and transfer it along j to get j*: V[G] —» M[j*(G)]. Then G isin
fact Q-generic over M[j*(G)].

Proof. Let D € MJ/@ be a name for a dense subset of Q. As M is an
ultrapower, D is of the form j(f)(x), where for each a f(a) € V¢ is a name
for a dense subset of P. Define a subset of Q by

E={qeQ|3g:xk— P q=j(g)xk)AVa qlF g(a) € f(e) }.

The claim is that E is a dense subset of Q. Fix r in Q, and let r be
represented as j(4)(x) for some h: k — P. Construct by induction on a < k
functions 4, and elements of P p, such that

ho:k — P,and if a < B then Vy hg(y) <p ha(7),

Jj(ha)(K) IF Da € f(a),

Yy < a ha(y) =Dy,

J(ho)(r) < 1.
Construction. At stage «a, let p € P be some lower bound for the sequence
(hg(a) : B < ), and let g € Q be a lower bound for the sequence (j(hg)(k) :
B < a). f(a) names a dense subset of P, so find ¢g* < g, p* < p, such that
g* Ik p* € f(a). Let p, be p*, and alter some function representing g* to get
an appropriate 4, . (This is possible because we only need alter the function
on a set of measure zero.) Define h* by h*(a) = p,; then r* =g j(h*)(x) is
an extension of r lying in F.

hO) h(1) ... h(a)
po ho(l) ... ho(a)

Po D1 cee hi(a)

Do Di «ov Da
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As FE liesin V and is dense, find g = j(h)(x) such that ¢ € ENG, where A is

—

chosen to witness g € E. g I-Va <k h(a) € f(a), so applying j and letting
a be k., j(@)F j(h)(K) € J(F)(K). j(q) € J*(G). 50 q € ijr()(D) hence G is
Q-generic over M[j*(G)]. O

5. Term forcing. We describe a forcing trick which is needed for the Reverse
Easton construction of §2.

Let P be a forcing notion and Q € VP ; then IFp Q is a forcing notion .
Define a forcing Q/P € V by

teQ/PeteVPAlrpteQ,
TSQ/P < lkp TSQ g.
Q/P is technically a class, but can be treated as a set, as in the standard treat-
ment of iterated forcing (see [B] or [K]).

Forcing with Q/P adds a “universal generic object” for Q. More precisely
we have

Fact 1. Let H be Q'/P-gene"ric over V, and let G be P-generic over V . Then
F ={ig(t)|t€ H} is ig(Q)-generic over V[G].
Proof.

Claim 1. F is a filter.
Proof of Claim 1.

p.oeH=3teH Fpt<yp, o= iglt) < g icp), ic(6),

peHNIiGp) <igé) =3t ig(t) =ig(d)AFp<t=>teH 0O
Claim 2. F is generic.
Proof of Claim 2. Let D be a name for a dense subset of Q, and define

E={teQ/P|FpteD}.
E is dense in Q/P; forif p € Q/P,
IFp3dx xe DAx < p,
¢ by the maximum principle there is 7 such that
FpteDAT <P,
As H is genericand E € V, forsome t € H ig(t) €ig(D). O
The proof of Fact 1 is complete. O

There are a couple of interesting cases in which, if Q is some forcing notion
defined in the ground model and Q names the forcing defined by working that
definition in VP then Q is isomorphic to Q/P. This is useful in Reverse
Easton forcing as another way of transferring generics between models.
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Fact 2. Let P be a forcing notion of cardinality x with the k-c.c., where k is
such that k< = k. Then
(a) Forany A Add(x, A)y»/P is isomorphic to Add(x, A).
(b) If A > x is such that A<* = A then Coll(x, A),»/P is isomorphic to
Coll(k, ).

Proof. If B is some cardinal let P denote the partial ordering which has a
top element T with f incomparable extensions (which we identify with the
elements of §).

For (a), recall that Add(x, A) is the product of 4 copies of P, with < k-
support. As P is k-c.c. it is clear that Add(x, A),»/P is just the product
of A copies of P,/P with < k-support. If ¢ € P,/P, 1 is determined up
to equivalence by the pair of Boolean values ([t = 0], [t = 1]), and any pair
(by, by) such that by Ab, = 0 corresponds to a name: moreover the ordering is
just the restriction of the product order on R.O.(P) x R.O.(P). This ordering
has a dense subset isomorphic with P,, where the k¥ incomparable elements
are the pairs (b, —b) for b € R.O.(P).

So Add(x, A),»/P is isomorphic to the product of A copies of P, with
< K-support, i.e., isomorphic to Add(x, A) as claimed. The proof for (b) is
exactly similar with P, playing the role of P,; A<¥ = A guarantees that P;/P
is isomorphic to P;. 0O

6. Two facts about Cohen forcing. The following facts are also needed in §2.

Fact 1. Let k = cf(k) > w and let P be a k-closed notion of forcing with
|P| =k . Then P is isomorphic to the Cohen forcing Add(x, 1).

Proof. The proof is just like the proof (see [J, p. 277]) that a forcing which
collapses A and has size A is isomorphic to Coll(w, A). O

Fact 2. Let j: V — M be the ultrapower of V by a normal measure U on
some cardinal x, where 2% = k*. Then j(Add(x, k™)) is isomorphic in V
to Add(x*, k).
Proof. As 2¥ =k* and j is an ultrapower embedding, j(k**) = k** and the
set S defined by

S={a<k™|jl@)=a}

is unbounded in x*+. Let S, the closure of the set S, be enumerated in
increasing order as (4, : v <k**). As S isclubin k%,

Kkttt = U [Av, A'u+l)-
v<Ktt

In V the forcing Add(j(k), [Av, Av+1))y 18 Kk*t-closed and of cardinality
k*, hence isomorphic by Fact 1 to the forcing Add(x™*, [A,, A,+1)). Choose
for each v an isomorphism 7, , and define a function n with the domain
Add(j(x), j(k*"))y by

nip— |J m@ i) x A, Avs)).

v<K*t

Then we claim 7 is a bijection onto Add(k*, k™).



10 JAMES CUMMINGS

First we show that 7 maps into Add(k*, k**). Let p be a condition
in Add(j(k), k**),,. It is necessary to show that n(p) is a condition in
Add(k*, k**), which will be immediate once we check that the support of
n(p) has cardinality < k. v < k** support(p) C j(k) x 4, , and therefore
support(n(p)) C k™ x 4, . Do an induction on u < v with the hypothesis that
n(p) | k* x 4, has support of cardinality < x. The induction step is trivial
at successor u and those limit x4 with cfy(u) < k. So assume cfy(u) > «;
Ay € S, because cfy(4,) = cfy(u) > k and so 4, is a continuity point of ;.
So

cfar(Ay) = cfr(j(Ay)) = J(cv (A4)) > j(x).

Hence 3p < 1 support(p | j(x) x 4,) C j(k) x A, and the induction hypothesis
goes through.

To show that 7 is onto, let ¢ € Add(x*, k**). Because *M C M, and ¢
has support of cardinality < k, the sequence

(1 (q 16t % (A, Avs)) 1w < k*F Asupport(q) N k™ x [y, Aysy1) # 2)

isin M. As k < j(x) and j(k) is regular in M , the union of this sequence
is a condition which maps to ¢ under #. 0O

1.3. The structure of the proof. As the proof is rather long and complicated we
give a brief overview of what is going on.
We start with the hypotheses

(1) K is Ak-hypermeasurable, as witnessed by j: V' — M with *"M Cc M,
Virs C M, crit(j) =k .
(2) GCH.
(3) j is generated by a (k, k*3)-extender.
(3) is really superfluous as given a model of (1), (2) we can factor through an
extender to get (3).
In §2 we do two Reverse Easton extensions, and at the end we have a model
of the hypotheses
(1) K is P x-hypermeasurable, as witnessed by j: V' — M with *M C M,
Viea C M, crit(j) =k .
(2) For each strong inaccessible a < k, 2 = o't and, for all n,
O<n<w= 22" =qatrt!,
(3) ME2X=Kk*"AVn O<n<w= 25" =Kl
(4) There is an F € V' which is P-generic over N, where

P = Coll(x**, < i(k)) x Coll(i(k), i(k™))y
and i: V — N is the ultrapower of V' by the ultrafilter
U={XcklkejX)}

(5) j is generated by a (k, k*3)-extender.

Then in §3 we use these hypotheses to define a modified Radin forcing; this
forcing will shoot a closed unbounded set of V'-measurables C through x, and
in addition if o, B are successive points of C it will add a generic for the
collapsing algebra Coll(a™, < B) x Coll(B, B*).
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We prove analogues of the Prikry Lemma and Mathias’ criterion for Prikry
genericity, and use these to show that the forcing has produced the right be-
haviour for the continuum function below x and that x has retained its hy-
permeasurability.

2. PREPARING THE MODEL

2.1. First stage. Recall that the initial hypotheses are
(1) k is Hk-hypermeasurable, as witnessed by j: V' — M with *M C M,
Vigs C M, crit(j) =k .
(2) GCH.
(3) j is generated by a (i, x*3)-extender.

Factor j as ko i, where i: V — N is the ultrapower by the ultrafilter
U={XCk|kejlX)} and k:[flv = i(fN(x) — j(f)(x). Let A be the
critical point of k. GCH implies that 1 = k3", and ¥* < A < k*t. As we
remarked in the introduction k is generated by a (4, k*3)- N-extender of width
K3,

We do the Reverse Easton iteration of Add(a*, a**) for strong inaccessible
a < k. Let P, denote the forcing up to stage x, and let G, be P.-generic
over V. Let Qx = (Add(x™, k**))yG,) be the forcing we do at stage x , and
let g be Q-generic over V[G,]. Factor Add(x*, k™) as

(Add(lc+ s /1) X Add(K'+ s ktt \'U)V[G,c]
and split up g as g x g correspondingly. .

Now consider the iterations j(P,* Q) and i(P, * Qx) computed by M and
N respectively. As the three models V', M, N agree to rank x they compute
the same iteration below x, so defining (P;)y and (P,)y in the obvious way,

PK = (PK)M = (PK)Ny
P, is k-c.c. and therefore
VIGk] F*M[Gy] C M[Gy], V[Gk] F “N[G] C N[G].
So Kkt = K;[GK] = KL[GK] = K;,[GK]. Because Viy» C M we have x*t =" =
K;{?['GK] , and so if (Qx)uy 1is the forcing M[G,] computes at k then

(Qx)ar = (Add(x*, k%)) m6,) = (Add (k™ , k*7))yi6,) = Ok
On the other hand if (Q,)y 1is the forcing which N[G,] computes at x then
because ks =Ky =4 we have
(Qx)n = (Add (k™ , k¥ ) NG,y = (Add (kT , A)viG,)-

Now k(P.) = P, and Vp € G, k(p) = p, so we can extend k (using Fact

1,§1.2.3) to
k: N[G¢] — M[G].

k((Qc)n) = (Oc)ar = Ok, and since crit(k) = A and g C g we have that
Vp e g k(p)=p€ g. So we can extend k further to get

k : N[Gllg1] — M[G,lig]

Because the forcing notion (Qy)ny is k* closed it adds no x-sequences of
ordinals, so
VIGcligi] F *N[Gllgi] € N[Gllg1l.
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Also, because N is an ultrapower and GCH holds in V',
VIG g1l F li(k)| = k™.

Consider the iteration R which N[G,][g:] does between x + 1 and i(k).
Standard facts about Reverse Easton forcing imply that

N[G.llg1]1F |R| = i(k), R is i(x)-c.c. and x**-closed.

We exploit these facts to build H € V[Gi][g1] which is R-generic over

N[Gk]lg1]. The closure of R in N[G\][g:] and the width of the extender for k

allow us to transfer H along k, and get k(H) k(R)-generic over M[G,][g].
So we can build maps

11 V[Gk] = N[Gkllg1][H],
J 1 VIGe] = MG lIgIlk(H)],
k : N[Gllgil[H] — M[G][gllk(H)]

such that j=koi.

The map i: V[G] — N[Gkl[g:1][H] is defined in V[Gi][g:1]. Since Q. is
rkt-closed and i is generated by an extender of width x¥ we can transfer g;
along i and get an internal ultrapower

i:V[Gcllg1] = N[Gil(&1][H][i(81)] = N[i(Gk * &1)]-

Now let Q1 =def (Add(K ) K++))V[Gx][g|] . As V[G,c][gl] is a model of 2¥ =kt
Fact 1.2.6.2 implies that in V[G,][g1]

i(Q)) ~ Add (k™ , ktT).
Let Q) =ger (Coll(k, k*))viGe1- In VIGillgi] we also know that |i(x")]
=%t and i(Q,) is k*-closed so
i(Qy) ~ Add (k™ , 1).
The upshot of all this is that in V[G,][g1]
i(Qy x Q) ~ Add (k™ , kT \ ).

Recall that g, is generic over V[G][g:] for this latter forcing (by closure, this
has the same definition in V[G,] and V[G,][g1]) so letting

QO =qef 1(Q1 X O2)

we can rearrange g, as g a Q-generic over V[Gl[g:1].-
Transferring g» along i, j we get maps

i: V[Gkllg] = NIi(Gi * g)],
T VIGIg] = M[j(Gx * &)1,
k: N[i(Gy x 8)1 = M[j(Gx * )]
with j=koi.
Let V* = V[G,]lg], N* = N[i(Gc*8)], M* = M[j(Gy*g)]. From Fact 2,
§1.2.4, we have that g is Q-generic over N*. Closure implies that

Q1 x @y =(Add(k, k™) x Coll(k , k*))y-
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and hence that
Q = (Add(i(x), i(k*)) x Coll(i(k), i(k*)))n~.

It is also worth observing that i : V* — N* is the ultrapower of V* by the
normal measure on k¥ induced by ;.

We claim that j: V* — M* is a Sk-hypermeasurable embedding. As GCH
holds in F* it is enough to show that

V' EPKY)C M

This follows immediately from the fact that the forcing P, x O, has size x*++
and is x**-c.c., so that every subset of k** in FV* has a canonical name in
M.

We now have a model of the hypotheses

(1) x is SPk-hypermeasurable, as witnessedby j: V — M with “M Cc M,
Vies C M, crit(j) =k .

(2) GCH.

(3) j is generated by a (k, k*3)-extender.

(4) There is in V' an object g which is i(P)-generic over N, where
P = Add(k, k™) x Coll(k,k*) and i : V — N is the ultrapower
by {X Cr|Kej(X)}.

2.2. Second stage. We are given the hypotheses from the end of the first stage.
Factor j in two steps through the models
N = the collapse of {j(f)(x)|f:x—V},
N = the collapse of {j(f)(a)|a €[k ]<®A f:[k]" -V }.
N is the familiar ultrapower approximating M , while N corresponds to the
extender of length x*+. We have maps
i:V—->N,

M,
i:N—>N, M

k:N—

k:N—

such that _
j=koi, k=koi

Let A=k}, and argue as before that x* <A < xk**.

Do the reverse Easton iteration where we force at inaccessible 4 < k¥ with
Add (A, AtT). Let P, be the forcing up to x, and let G, be P.-generic over
V. Let

Ox = (Add(x , k™)) v(6,1 5
P = (Add(x, k*") x Coll(k , k™))y.

Let g be Qy-generic over V[G,], and let g be i(P)-generic over N as guar-
anteed by the hypotheses.

The same argument as in stage one shows that all four models compute the
same forcing up to x, and it is easy to extend the maps k, i, k to get

k: NGl — M[Gi], i: N[Gc]l— N[Gil, k: N[Gc] — M[Gl,

where k =koi.
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NI[G.], M[G,] are closed under x-sequences from V[G,] and compute the
true k**, so in the obvious notation

Ok = (Qx)ﬁ = (Qx)m-
We also have
(Qx)n = (4dd(x, 1))viG,)-

Letting g factor as g; x g, where g, is (Q«)n-generic, we build further
extensions

k: N[G.llg1] — M[G«llg],
: N[Gyllgi] — N[Gkllgl,
k: N[G.llgl — M[Gligl.

still preserving the relation k =k o7.

The same argument as in stage one allows us to build H € V[G,][g1] which
is R-generic over N[G,][g1], where R is the iteration between k¥ +1 and i(k)
as computed by N[G,]. We transfer H along i, k to get

-~

i: V[Gc] = N[i(Gi)], B k: N[i(Gk)] = M[j(Gi)],
it N[i(Gx)] = N[ioi(Gx)],  k: N[ioi(Gy)]— M[j(G)],

where all the maps are defined in V[G,][g]. Let [ =gerioi.
|P¢| =k and Py is k-c.c., so by Fact 2, §1.2.6, the term forcing

(Add(x, k™) x Coll(k, k*))yn | P

is isomorphic in V' to P. Applying i, we use the i(P)-generic g to define a
generic g, x g! for the forcing

(Add(i(x), (k™)) x Coll(i(k) , i(k™))) NG
over the model N[i(G,)]. Using the fact that
VIGllg1] F " N[i(Gk)] € N[i(G)]
we also build g° generic over N[i(G.)] for the forcing
(Coll(x**, < i(K))) NG

and observe that automatically g is mutually generic with g, x g! .
We transfer g°, g!, g, along i to get new generics E‘c), ?2 , 84+ We need
to alter the generic g, to get a generic A, such that

(1) Vpeg I(p) € h,.

Recall that conditions in Q, are partial functions p: k™t x ¥k ~ 2 with
|dom(p)| < k. Therefore /(p) = [“p, and so if g € h, we need to alter its
values on the set [“k*t x k.

Claim 1. If q € [(Qy) then |dom(g)N(/“k** x k)| < k in the model V[G,][g].
Proof. Let g =I(f)(a), where
[i[K]) = Qe A feVIGNa e [k,
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Define
Xe={B<xk™|3Iy <k (B,7)€dom(f(x))}
and let X = J,¢pqe Xx . Clearly |X| <k and

{B<x™™ |3y <Kk (i(B),y) €edom(q) } CX. O

Since V[Gllg] E “N[/(G,)] C N[I(G,)], we can alter each condition with-
out getting out of the model N[/(G,)]. and the set of altered conditions 4,
is in V[G,][g]. Tt remains to be shown that h, is still /(Qy)-generic. Let
D € N[I(G)] be a dense open subset of /(Q,).

Claim 2. Define an equivalence relation on /(Q,) by

p v q & dom(p) =dom(q) A |{z|p(z) #4(2) }| < k.
Let
E={qel(Q)|Vpel(Qx) p~q=>peD}
Then E is dense in /(Qy).

Proof. Work in N[I(Gy)].We first prove the following fact.
Subclaim 1. If r € [(Qy) then there exists s < r such that
Vp p~r=pU(s\r)€D.

Proof. Enumerate { X C dom(r)||X| <Kk} as (X,:a < u), where u < I(k).
Define by induction a decreasing sequence of conditions (r, :a < u). ro=r,
and rg,; is defined as follows; let ¢ be given by

_ [ rp(2), z € dom(rg)\Xp,
9(z) = { N\rp(z), ze€Xpg,

let 4< g bein D,andlet rg,; =rgU(q\q). The forcing /(Qx) is /(x)-closed
so define s as a lower bound for (r,:a < u). s clearly works. O

To finish the proof of the claim start with r € /(Q,) and apply the subclaim
Kkt times to produce a decreasing sequence (s, : @ < k*) such that if p « s,
then p U (Sa+1\S.) € D. Let g be a lower bound for (s, : @ < x¥t). We claim
this works. If dom(p) = dom(q) and X = { z | p(z) # q(z)} has cardinality
<k then X C dom(s,) for some «. So pe D. O

This suffices to show that A, is generic, and a small variation on the argument
shows that it is mutually generic with g% x g!.

We now transfer /4, along k to get H, j(Q.)-generic over M. (1) implies
that Vp € g j(p) € H,, so we can build maps

J: VIGillg] = M[j(Gx x 8)],
k: N[I(Gy * 8)1 = M[j (G, * )],
I: V[Gilig] = N[I(Gx * 8)],

where j =k ol. Define
V*=VIGllgl, M*=M[j(Gc*xg)l, N*=N[(G*g)
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We argue that /: V* — N* is just the ultrapower approximating j: V* — M*.
To do this factor / through I/f: V' — Nt the ultrapower approximating /,
say [ = kfoll. Py.(k) c Nt and Nt E 2 = x** so kit = k** and
crit(kt) > k**+. Since k** C rge(k’) and N* is generated by a (k, k*+)-
extender, Nt = N* and we are done

It remains to be argued that g0 x g! is generic for an appropriate collapse
ordering, but this is immediate by the closure of /(Qy).

So we have produced a model of the hypotheses

(1) k is SAk-hypermeasurable, as witnessed by j: V — M with *M C M,
Viza C M, crit(j)=k.

(2) For each strong inaccessible a < k, 2 = att and, for all n,
O<n<w= 22" =g+l

(3) ME2X=k*t*AVn O0<n<w= 28" =gt
(4) There is an F € V' which is P-generic over N, where
P = Coll(k™, < i(k)) x Coll(i(k), i(k))y
and i: V — N is the ultrapower of V' by the ultrafilter
U={Xck|kejX)}

(5) j is generated by a (k, k*3)-extender.
We make some incidental remarks

1) F € M, as it can be coded by an element of V, ;.
(2) K++ =x*t+ and K+3 = xt3.
(3) crlt(k) =k}’ < x+3
(4) F canbe transferred along k because it is generic for sufficiently closed
forcing.

3. THE RADIN FORCING

3.1. Measure sequences. We use the results of the last section to define measure
sequences, which will be the building blocks for the modified Radin forcing.

Definition. If o« and S are inaccessibles,
P(a, B) =g Coll(a™, < B) x Coll(B, B*).

Retaining the notation used in the last paragraph of the preceding section, let
i12: N — i(N) be i(i), and let igy: ¥V — i(N) be i(i)oi. Since N F®i(N)cC
i(N),

P=Ii(P)(x, i(x)) = ioa(P)(x, i(K))

and so we can sensibly define
P ={f: [k} - Vc|dom(f) e U x UAVa, B f(a, B) € Pla, B)},
F* ={fe P |in(f)(k, (k) € F}
Notice that U can be read off from F** as
U={XCk|3feF” dom(f)=XxX}.
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We use j and F** to define our prototypical measure sequence u:
u(0) =qef crit(j) = K, u(l) =qer F**,
UP) =det (X € Vernrtut e j(Xx) (B>1),

where the construction continues for as long as u | f € M. If the reader is
familiar with Radin forcing she will notice that # has in second place the object
F** , where putting

U=qt{XCV|{al{a)eX}eU}

would give a standard Radin sequence as in [R].

The idea behind the definitions that follow is that we use the strong reflection
properties of the cardinal x to show that V, contains many objects which
resemble u. In fact each measure on the sequence u# should concentrate on
the set of u-like sequences.

Definition. (k, g) is a constructing pair ift

(1) k:V — k(V) is an elementary embedding into a transitive inner model,
and if « is the critical point then “k(V) C k(V).

(2) g is ko(P)(a, ko(a))-generic over ko(V'), where ko is the ultrapower
approximating k (as usual we factor k through ko, say k =/okp).

(3) gek(V).

(4) g can be transferred along / to give a k(P)(a, k(a))-generic over
k(V).

Definition. If (k, g) is a constructing pair as above then g** is defined from
g in the same way as F** was defined from F, that is

& =aet { [ 1 ko2(f)(a, ko)) € g },

where k02 = ko(ko) o kO .
Definition. If (k, g) is a constructing pair as above, then a sequence w 1is
constructed by (k, g) iff

(1) wek).

(2) w(0) =a =crit(k).

(3) w(l)=g™.

4) wB)={XeVe|lwlBek(X)} (1 <pB<Ih(w)).

(5) k(V)F [lh(w)] <w(0)**.

(j, F) is the archetypal constructing pair, and for every g < k*? it con-

structs w [ 8.

Definition. If w is constructed by some (k, g) then define x,, = w(0).
If ITh(w) > 2 define also

8w =det w(1),

tw =aet { X C Ky | 3f € g3 dom(f) = [XT*},
Pw =def { X C Vi, [{a|(a) € X} € pu},

8w =def { [ pwxun | [ € 83"}

Fo =aet i N[ {w(@) |1 < a <lh(w)},
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where [f]u,xu, 1S the set represented by the function f in the ultrapower
Vi [y X phy

Of course, given a particular (k, g) which constructs w then g, = g and
so forth, but the point is that these definitions are independent of the choice of
a constructing pair for w.

Definition. Define inductively classes of sequences
Uo =aes {w | 3(k, g) (k, g) constructs w },
Un+l=def{w€Un|Unﬂwa GZU}’ UoozdefﬂUn-

new

Lemma 1. For every a < k*3, u | a exists and is a member of U .

Proof. Tt is routine to check that if o < k*3 then u | @ can be coded by an
element of V;,,, and hence u | « € M and u(a) exists.
Before proving the second half we unravel the definition of U, .

Claim 1. Ya<k*?} ulae Uy ifandonlyif Va<x™ Vn<w M,Fulae
Uy, where M, is the nth iterate of V' by j.
Proof. This is quite easy by induction.

Va<k® ulae Uy
e Va <k U,NV € ula)
oVa<k® ulacjUy)
SVYa<kt MEulael,
eVa<kt M, Eulael, O

Fix a < k*3. We prove that M E u | a € Uy, and then use the agreement
between M and M, for n > 1 to argue that this is enough.

Fix B such that, if jg: V' — My is the elementary embedding obtained by
restricting the extender E which describes j to Eg = E [ [f]<?, then

(1) k**<B<k*? and B >a.
(2) “MpgC Mg.
(3) ula and F arein Mpg.

By the choice of 8, lcj{j; = k™ and o < x,’[j;*. Also Eg € M, and
if Jpr M — jp(M) is the embedding which M computes from Ejz then
Jp=Jp I M and the models Mp, j;,(M) agree up to rank f.

Using this information it is routine to check that

ME*“ (j;, F) constructs u [ a.”

To finish the proof observe that if j,,: M — M, is the map arising from the
iteration of j then

crit(ji,) = j(x) > k™3 > rank(u | @),

so MpEulaely. O



A MODEL IN WHICH GCH HOLDS AT SUCCESSORS BUT FAILS AT LIMITS 19

Because the measures on a measure sequence are countably complete, if
w € Uy and lh(w) > 2 then U NV €% .

3.2. The forcing poset. Given w € U, with lh(w) > 2 we define a poset Q,, .
The forcing which we eventually use to establish the theorem will be Q,;s for
a well-chosen value of £, but it is advantageous to do the proofs uniformly for
all Q.

Definition. p is a condition in Q,, iff p = (X,;:i < n), where n > 1 and

(1) Xo = (ko) for some Ky < k.
(2) For O0<i<n—-1, X; is
e EITHER a pair (P;, k;), where

Ki <K, P e P(ki—1, Ki),

e OR a quadruple (w;, 4;, H;, h;), where

w; € Uy and lh(w;) > 1, Ki =def Ku;
Aie%i’ Hleg':)ty
h; is a function, dom(h;) ={x, |v € A4; \(xi—1 + 1),

Va € dom(h;)  hi(a) € P(ki—1, a), dom(H,;) = [dom(hi)]z-
3) Ko<K; < - <Ky_1<K.

(4) X, isaquadruple (w,, 4,, H,, h,) with the same properties as above,
such that w, = w.

Before giving the formal definition of the ordering on the conditions we give
some informal motivation. The intended generic object is a pair of sequences

(@, F), where

(1) 1h(7) = h(F).

(2) Va <1h(¥) v(a) € Us. (Let ko = Ky -)

(3) a+~ k, is monotone increasing, and C = { k, | @ < 1h(?¥) } is closed

unbounded in x,, .
(4) For a <1h(¥), F(a) isa P(k,, K.+1)-generic filter.
The typical condition p = (X, : i < n) of the last definition is intended to

put the following constraints on (¥, F):

(1) vo=kKo.
(2) f 0<i<n-1 and X, is a pair (P;, k;) then, for some a < lh(7),
Ki—1 = Ka, Ki = Kay1, and P; € F(a).

(3) If 0 < i< n and X; is a quadruple (w;, 4;, H;, h;) then k; is a
limit point x; in C. Let x;_; = k,. Then h;(k,.1) € F(a), and if
a< B <A wehave v(f) € 4; and H(kg, k1) € F(B).

Definition. Let X be a tuple.
(1) uy=(3) if X =(d) or X = (P, 9).
(2) uy=w if X={(w, A, H,h).
(3) Kx = Kyy.
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Definition. Let p =(X;:i<m) and g =(Y;:j <n). p extends ¢ iff
(1) m>n.
(2) {KXO, ey KXm—]} 2 {KYO, ey KYn—l}'
(3) KXO = KY() s XO = YO-
(4) For 0<i<m,if X, is a pair (P, ) then
e EITHER there is j < n such that ¥; = (Q,a), and P < Q
(this will make sense because other clauses of the definition will
ensure that in this case kx,_, = ky,_,, so P and Q are in the
same partial ordering),
e OR there is no j with a = ky, and for the least j such that
a < Kyj
Y; is a quadruple (u, 4, H, h),
a€ A,
IF kx,_, = ky,_, P < h(a),
IF Kx,_, > K'yj_lP < IJ(K?)(I._l , Q).
(5) For 0<i<m,if X, is a quadruple (u, A, H, h) then
e EITHER there is j < n such that Y; = (u, B, I, i), in which
case
ACB,
Y(e, B) € dom(h) H(e, B) <I(a, B)

and

IF kx,_, = Ky,_,Ya € dom(h) h(a) < i(a),

IF kx,_, > Ky,_,\Ya € dom(h) h(a) < I(kx,_,, @),
e OR there is no j with kx, = Ky, , and for the least j such that
Ky, < Ky,

Y; is a quadruple (v, C, J, j),

ueC, ACC,

Y(a, B) edom(H) H(a, f) < J(a, B),

IF kx,_, = ky,_ Yo € dom(h) h(a) < j(a),

IF kx,_, > ky,_,Ya € dom(h) h(a) < J(kx-1, @).

Remark. @, has k}*-c.c.
Proof. Let (p,:a < k}*) be an antichain in @, , and let us write

paz-xa/\<w,Aa> Ha9 ha>.

Since x, € ¥V, , we may assume that x, is some fixed sequence x . Incompat-
ibility can only arise from disagreement between the 4, , and p, L pg implies
h, and hg represent incompatible conditions in the ultrapower by u,, . Since
they represent conditions in a forcing notion of size x};* we have a contradic-
tion and the claim follows. 0O
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3.3. The generic object.

Definition. A sequence u € U,, occurs in a condition p = (X, : i < m) iff there
is I < m — 1 such that one of the following holds:

(1) i=0 and u = Xp.

(2) X;=(P,d) and u = (d).

(3) Xi={u,A, H,h).

Definition. P occursin p = (X; : i < m) iff there is i with 0 < i < m such
that X; = (P, d) for some J.

Notice that w does not occur in the conditions of Q,, .

Definition. Let G be a Q,,-generic filter. Define a pair of sequences ({(v(a): a <
A, (F(a):a < i)
(1) (v(a):a < A) enumerates {v € Uy, |Ip € G v occurs in p } so that
Q> Ko = Ky(q) 18 Increasing.
(2) F(a)={P € P(Ky,Ko+1)|IP € G P occursin p }.

It is routine to check that the generic filter G and the pair of sequences

(¥, l_"'" ) are each definable from the other.
We briefly develop the basic properties of the forcing; the proofs are very
similar to those for Radin forcing (see [R]).

Lemma 1. Let G be Q. -generic and let (U, F ) and K be defined as above.
Then C = {K,|a <1h(7)} is a closed unbounded subset of i, .

Proof. First, we prove that C is closed. Let p € Q,, be a condition and a < Ky,
an ordinal such that p I o ¢ C. No sequence v with k, = a occurs in p,
so consider X the first entry of p with xx > «. If X is a pair then p forces
a is not a limit point of C. If X is a quadruple (u, A, H, k) then define
p’' < p by shrinking 4 to A’ = A\V,, so that p’ forces « is not a limit point
of C.

To prove that C is unbounded, let 8 < Ky, and p € Oy, say p = X —~
(w,A,H,h). Since 4 € i, there is (o) € A with a > f, so p can be
extended to

p'=x~(h(a), @) ~(w, 4, H, H(a))
and p’ forces that 8 is not a bound for C.
The lemma is proved. O

We make the remark that if lh(w) > 3 then we could also have proved the
“unbounded” clause by showing that many quadruples could be added to the
condition p. (See the next lemma.)

Lemma 2. With the same assumptions as in Lemma 1, we assert the following:

(1) If u < A is such that Wh(v(n)) > | then the pair (¥ | u, F | u) is
generic for the forcing Qy ) -
(2) VAe Ve, 11 (A€eFy © 38 Ya> B v(a) € A).
(3) VH € gyt 3B Va > f H(Ke, Kar1) € F(a).
Proof. (1) follows immediately from the observation that if p is a condition

in which u, appears then Q, | p factors into two parts, of which the first is
Qu, [ p’ for p' € @y, an initial segment of p.
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For (2), first assume that B € #,. Let p = x ~ (w, A, H, h) be some
condition; then the condition

pP=x~{(w,AnB,H,h)

is an extension of p forcing that a final segment of ¥ lies in B. For the
other direction, assume towards a contradiction that B contains a final segment
of ¥ but B ¢ #,. The “unbounded” clause of the last lemma shows that
Vi\B ¢ [, so we must have V,\ B e w(f) for > 1.

Subclaim 1. If f > 1 and B € w(f) then v(a) € B for an unbounded set of
a<Ai.

Proof. We show thatif o < x,, and g = x ~ (w, A, H, k) is a condition then
there exist the set of v for which x, >a and B, I, i such that (v, B, I, i)
can be added to ¢ is a measure one set for w(f). This clearly suffices.

Fix (k, g) as a constructing pair for w . By definition, it is enough to show
that in k(V') there are B, I, i such that (w | 8, B, I, i) can be added to

k(q) = x ~ (k(w), k(4), k(H), k(h)).

We claim that 4, H, & will work (they exist in k(V) because they are all
elements of V. .1 ).

(1) Aew(f),so w | Bek(A).

(2) A=i(A)NV,, Ci(A).

(3) H=Ii(H) | Ky X Ky .

(4) h=ih) Ky .
The subclaim is proved. O

This gives a contradiction, so (2) is proved.

Finally, let I € g3*. From (2) (K4, K4+1) € dom(/) for large enough o,
and an argument parallel to that for (a) shows that any condition refines to one
which forces I(k,, k.+1) € F, on a final segment. The lemma is proved. O

3.4. The Prikry property. We prove that questions about the generic extension
by some Q, can be decided in a simple way; this will enable us to prove that
the forcing does not do too much damage to the universe.

Definition. If p and ¢ are conditions in Q,, then ¢ is a direct extension of p
iff ¢ <p, p and lh(g) =1h(p). We write g <; p in this case.

Theorem 1. Let b € RO(Q,) be a Boolean value, and let p € Q. be some
condition. Then there is q <z p such that q | b.

Proof. The strategy of the proof is to write p as z ~ (w, A, H, h), show
that b is decided by some extension z’ ~ (w, A’, H', h') < p in which no
sequences have been added past the top of z, and then make an appeal to induc-
tion and the uniform definition of the forcing. So fix p = p® = 20 ~ (w, 4°,
H®, h% . Also fix (k, g) a constructing pair for w .

We factor k through kg, the ultrapower by u,, ,to get k=/okg.

Definition.

(1) Pf ={f€ko(V)|dom(f) € ko(uw) AVa f(a) € ko(P)(Ku , @) }.
(2) g ={feP [/ €&}
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(3) P*=1(P}).

(4) P*={FeV|VY(a, B)€dom(F) F(a, f) € P(a, B) }.

Equip P with the pre-ordering

f<ge{alfla)<gla)} € ko(tw)

and equip P* similarly. By the definition of constructing pair g* is Py -generic
over ko(V') and [“g* generates a P*-generic over k(V).

Definition. x is a Jower part iff x is a proper initial segment of some condition
in Q.
Definition. If x is a lower part then k, =ger Ky for X the last tuple in x.
Definition. Let F, G be elements of P**.

(1) F<G iff ¥(a, B) € dom(F) F(a, B) < G(a, B).!

(2) F<PG U {(a, B)|F(a, B) < Gla, B)} € tw X pu -
In the first case we say that F refines G, in the second that F refines G almost
everywhere.

Similarly, let f, g be functions with domain in x4, such that for some
d<Kk Va f(a), gla)e P, a).

(1) f<g iff Va € dom(f) f(a) < g(a).
2 f<regiff {a|fle)<gl@)} € pw.

Step One. We find A' C 4%, H' < H°, h! < hY, such that
p'=2"~(w, 4", H', h")

has the following property; if z ~ X ~ (w, B, I, i) is an extension of p!
deciding b and having xx > k,0 then there exist 4 ¢ 4!, H < H' such that
z~X~(w, A, H, H(kx)) decides b.

Construction. Consider conditions in k(Q,,) of the form
z~X ~{k(w), A, H, h),

where z is a lower part and X is a tuple such that uy = w | a for some
0 < a < lh(w). Notice that h € P*.

Say that & € P* is good if for all lower parts z € V., and all X such that
Ja <lh(w) ux =w | «a,

34 3H 3 <h z~X ~(k(w), A, H, k') || k(b)
=34' 3H' z ~ X ~(k(w), A", H', h) || k(b).

Claim 1. The set of good / is a dense subset of P* lying in k(V).

Proof of Claim 1. Work in k(V). There are k, possibilities for z. From the
definition of constructing pair w € k(V) and

k(V) & [Ih(w)] < x5+

Also for each «a there are only 2*» = g+ X such that uy = w [ a. So
enumerate the possible pairs (z, X) as ((z,, X,):y <k}*). Fix fe P*,and

S0 implicitly we are demanding dom(F) C dom(G) .
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define a descending sequence in P* by setting fy = f and defining f,,; to be
some g < f, such that
34 3H z, ~ X, ~ (k(w), A, H, g) || k(b)
if such exists, and f,,; = f, otherwise. Let f’ € P* be a lower bound for the
sequence (p,:y <kp"). Nowlet z, X, A, H, h' < f’ be such that
z~X ~(k(w), A, H, h') || k(b).

(z, X) is enumerated as (z,, X;) for some y. f,,; was defined, so for some
B, I

z~X ~ (k(’lU), Bs Ia f;i-i-l) “ k(b)

f' < fy+1,50 B, I witness that f’ is good. O

Since g* is generic we can find F € g** such that F < H® and k(F)(ky)
is good. Now the set R of those u such that

Vz VX [ux=uA34 3H 30 <F(ky) z~X ~(w, A, H, ') || b
=34' 3H' z ~ X ~(w, A, H', F(k,)) || b]

- is by construction a member of the filter %, .
Define

A'=A4A°NR,

' =00} {K,|veEAd NN\(po+1),

H' = F | [dom(h")]%.
We prove that p'! has the right behaviour. If z ~ X ~ (w, B, I,i) is an
extension of p! deciding » and having ky > k,0 then uy is chosen from R

and i < F(ky) so we can find 4’ and H' as in the definition of R. It is easy
to alter 4', H' to A, H with the right properties. O

Step Two. We find A2 C A', H> < H', h? < h!, such that
p2=ZOA<w,A2,H2,h2>

has the following property; if z ~ X ~ (w, B, I, i) is an extension of p?
deciding b and having xy > k,0 then z ~ X ~ (w, A2, H?>, H*(kx)) decides
b.

Construction. For each a < k,, there are fewer than x,, lower parts z with
k; = a. Fix a for the moment, and for each z such that ¥, = a and

3BC A 3IG<H' z~(w,B,G,H' (k,)) || b

choose an appropriate pair (B?, G?). Using genericity find F, € g** such that
F, < G* forall z with k, =«. Find C, € u, with [C,]* C dom(F,).
Ea =defAlﬂ ﬂ BZO{UHICI,) eCa}'
Z,K;=a

By the usual argument using the constructing pair E, € %, . By genericity again
find F € g~*, F < H', such that

Va <k, F<*F,.
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Find D, € u,, such that
V(y, ) € [Da]® F(y,0) < Fu(y, 0).

Let
E, =E,n{v|(ky,) €D, },

A2 ={ve A |VYa<k, vEE.},
R =h'1{K,|ved},
H? = F | [dom(h*)?,
pt =2~ (w, A%, H?, h?).
We claim that p? has the property we demanded. To show this let z ~ X —~

(w, B, I,i) be an extension of p? deciding b and having kxy > k,0o. Let
X =z ~ X . Now by the work we did in Step One and the definitions above

z~X ~(w, B*, G*, H*kx)) | b.
Therefore it will be enough to show that
z~X ~(w, A*, H?, H*(kx)) < z ~ X ~ (w, B*, G*, H*(kx)),

which amounts to showing that anything which can be added between X and
the top on the LHS can also be added on the RHS.

If veAd?, and Kk, > kx =Ky, then v € E,_ and therefore v € B~.

If v,we 4%, and kx < Ky < Ky, then v, w € E, and so by definition
Ky, Kw € Cx, N Dy, . Therefore

H(icy , k) = F(Ky , Ku)
< Fe (Ky, Ky) because (ky , ky) € [Dy, ]
< G*(ky, Kw) because (ky, ky) € [Cy, 1.
So the constraint imposed by 42 and H? is more stringent than that imposed
by B* and G*, and the claim is proved. O
Step Three. We find A3 C A%, H?® < H*, h3 < h? such that if
=20~ (w, A3, H3, h?)
and
2 ~X~(P,8)~(w,4,H N)<p?
is a condition deciding b, k,0 < kx <J, then
2 ~ X ~(Hkx,d),8) ~(w, 4>, H*, H3&)) | b.

Construction. We define embeddings k'? = k(k), k% = k(k) o k. Consider
conditions in k%2(Q,) of the form

2~ X ~ (P, k(kw)) ~ (kP(w), k%(4%), k2(H?), k% (H?)(k(Kkw))) ,

where z is a lower part and uy = w | o for some a with 0 < a < lh(w).
P € P(ky , k(ky))ko(yy, and by the definition of constructing pair /“g gener-
ates a generic over k(V') for this forcing.

3An z;rgument exactly parallel to that of Step One enables us to define 43,
H’ k. O
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Step Four. We find 4* C A3, H* < H3, h* < h3 such that if
p4=z°/«(w,A4,H4,h4),
2 ~X ~(w, A, H k)< p*

is a condition deciding £, lh(uyx) > 1, and ky > Kk, then for some S and
for w(f)-many u

3B 3h 2 ~(u, B, H* | [k,]*, h) ~ (w, 4*, H*, H*(x,)) || B.
Construction. For each lower part x and £ < lh(w) let
X!l ={(a)|(a) € 47},

X$F={(v|3B 31 3i x ~(v,B,1,i)~(w, & H Hx,)) | B},
Xix’ﬂz(Xg’ﬂ)c’
X5h8 = Xj"ﬂ for the unique 7 such that Xl."”9 cew(p), B> 1.

Now for each x let
X = |J xof
0< p<Ih(w)

and define
X={v|Vx kx <ky=>v€EX*}

The point of this definition is that X € %, , and if v € X, lh(v) > 1, and
(%) 3B 3I 3i x ~(v,B,I,i)~ (w, A, H> H,)) | B

then for some B < lh(w) the relation (x) holds for w(f)-many v .

For each x, if there exists such a v, find one such that the value of g
associated with it is minimal. By the deﬁmtlon of w(p) there are By, I, iy
in k(V):

X ~(wl B, By, Ix, ix) ~ (k(w), k(4%), k(H?), k(H)(ky)) || k(b).

Let I € g** be such that
Vx I <"1,

and find C € u,, such that
V(a, B) € [CP? Vx ky <a< B =I(a, f) < L(a, B).
Define 4* c A3n{u|x,€C}, H* < H3,1,and h* < h3 appropriately. By
construction p* has the right property. O
Step Five. We find 45 C A%, H> < H*, h> < h* such that if
P’ =as 2° ~(w, A, H, 1)

and

2~ (v, A, B [ [k, H (k) L) ~ (w, A%, P, H (k) < P°,
Ih(v) > 1, K, > K0, is a condition which forces b then for some g

347 ~ (v, 4, H 1 [k, )}, H3 (k) 1 k) —~ (w, A5, H>, H3(k,)) || b

for w(B)-many v (and similarly for —b ).
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Construction. Define C*! = {{(a)|(a) € A*}. Then for 1 < g < lh(w) let
B ={v|34x ~(v, A, H* | [i]*, H*(xx) | ko)
~(w, A*, H*, H*(x,)) F b },

Bf ={v|34x ~ (v, A, H* | [k,]*, H*(kx) | k)
~(w, A*, H*, H*(xy)) F =b },

BY ={v|3dx ~ (v, 4, H* | [,]*, H*(kx) | k)
— (ws A4a H47 H4(KU))Hb}s
C*-# = Bf for the unique i such that Bf € w(g).
Finally define

= |J cxf, C={v|VxKky<k,=>veC*}
0<p<lh(w)

Let A5 = A*N C and refine H*, h* appropriately. O

Step Six. We find 4% C 4>, HS < H5  h® < h® such that if
pb =29 ~ (w, 45, HS, hS),
2 ~(HKz, B), B) ~ (w, A%, H®, H5(B)) < p°
forces b, and f > K, , then
2~ (H%Kzr, 7). 7) ~(w, 4°, HS, HO() IF b
for all y with (y) € A4°. Notice that this implies that
Z ~(w, A%, HS, H (k) IF b

27

as any extension of this condition is comparable with a condition forcing b.

(Of course the same claim is also true with -4 in the place of 5.)
Construction.
By ={B|x~(H ks, B), B) ~(w, £, H, H*(B)) I+ b},
Bf = {B|x ~ (Hkx, B), B) ~ (w, 4%, HS, H3(B)) IF ~b},
BS ={B|x~(H ke, B), B) ~(w, A°, H* , H>(B)) b},
B* = B for the unique i with B} € p,,,
B={v|YxKky<ky,=K, € B*}.

Let A% = A° N B and define H®, 4% by an appropriate shrinking of the

domains of H3, h®. This finishes the construction phase of the proof. O

Step Seven. We prove that p® is an extension which decides b “up to lower
parts.” That is, b can be decided by an extension in which no object X with

Kx > K, 1s inserted.

Proof. Find an extension r of p® deciding b such that the lower part x has
a minimal number of entries Y with xy > ¥,0, and such that among such

conditions k, has the minimal value.
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Claim 1. kx =K, (i.e, the minimal number of entries Y with xy > k,0 is in
fact zero).

Proof of Claim 1. Suppose that k, > k,0, and let x = z/ ~ X, where X is a
single entry. By the work done in Steps One and Two

Z ~X ~(w, A%, H®, H%(xx)) || b.
Suppose that in fact it forces b (the argument for —b will be identical).
Subclaim 1. X is a pair, rather than a quadruple.

Proof of Subclaim 1. Let X be a quadruple (v, B, I, i). The construction of
Step Five guarantees

{v|3B3iz ~ (v, B, HS | [x,]%, i) ~ (w, A%, H®, H%(x,))) IF b} € w(B)

for some S > 1. For each such v choose appropriate B, i, and let (P, a)
be some pair such that (o) € B and P < i(a). An easy normality argument
(v — a< Ky, so fix a on a large set; now use completeness to fix P) gives
that the choice of (P, a) can be stabilised on a set in w(f). Fix some (P, «)
such that for w(f)-many v there exists B:

7 ~(P,a) ~ (v, B, H | [k,]*, H%(a) | ko) ~ (w, 4%, HS, H%(x,)) IF b.

Fix f a choice function giving for each such v an appropriate B. The
situation is now essentially the same as that in the last stage of the proof that
ordinary Radin forcing has the Prikry property (see [R] ). Define sets

A ={v|{tedom(f)|ve f)}ewp)},
Ai={v|{tedom(f)| f()NV, €F }ew(B)},
A'=A9n 4},
Ay={tedom(f)|Vwved kK, <Kk, =vESf(t)},
A3 ={v|VC e 3Ju<lh(w) {te A2nC|f()NCeF}ev(u)}.
Using the constructing pair argument it is routine to check that
(1) A, E%Hg.
(2) Axew(B).
3) AseN{w(e)|p<a<lhw)}.
So Ay UA,UA; € %, . Define A = A°N (A4, U Ay U A3). The following
subclaim gives us what we need.

Subclaim 2. Any extension of
2 ~(P,a) ~(w, A, HS, H%(a))
1s comparable with
' ~(P,a) ~ (v, f(v), H® [ [,]*, H%(a) [ Ky) ~ (w, A%, H®, H%(k,))
for some v € dom(f).
Proof of Subclaim 2. Let the extension be
p=z~Xi~ X~ ~Xpy~(w,A", H , h*),
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where k; = . Vi 3j uyx, € A;. Let v be the first sequence with v & A4, .
Then ve A4y, veE A3, or v=w.
Case (1). v € Ay. Say v = uy, . By construction

v € dom(f), Vi<j fu)ynVe, € Fuy.
So defining (for i < j)
{ (t,Anf(v),H, h) ifX,=(t,A,H,h),

=140, 4) if X, = (0, 9),

1

the condition
Z~Xi~ X~ X~ ~ Xy ~(w, A%, H, BY)
is a common extension of p and
2 ~(P,a) ~ (v, f(v), H* [ [k,]*, H%a) [ k) ~ (w, 4%, H®, H(x.)).

Case (2). v =uyx, € A3. Say X; = (v, A, H, h). By construction find v’ with
Ky >Kx,_ , V€ ANAy, and f(v')NA € F . Asbefore Vi <j f(v')n Viex,

€ ‘%x,» , so defining X/ as before for i < j

ZAX~ X~ S, HE L ke B, HO (k) 1K)
~Xj~-o~ Xy ~(w, A", H", h")
is the sought-after common extension.
Case (3). Like Case (2). Exploit the fact that
{ve | fW)NB €Ty} ew(p)
to produce an appropriate v’ with k. > Ky, . The subclaim is proved. O
So the condition
=z ~(P,a) ~(w, A, H®, H%(a))

has the property that any extension of it is compatible with some condition
which forces b. Thus by elementary facts about forcing the condition itself
forces b. However this contradicts the assumption that r was chosen to min-
imise the last ordinal mentioned in the lower part, amongst conditions extending
p3, deciding b, and having the same number of entries Y with ky > Kk, as
does x . The subclaim is therefore proved. O

If kx > Kk,0 then by the subclaim x = z’ ~ (P, ), where k, =k, . For if
not then
2 ~(H(xz, B), B) ~ (w, 4%, H®, H*(B)) I+ b

by the work done in Step Three. Then
2~ (w, A%, H®, H%(k,)) IF b

by Step Six. This contradicts the choice of x to contain as few entries past o
as possible.
Now define

C={p1325 IP<h(B) zg ~ (P, B) ~(w, A°, H®, H°(B)) || b}.
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Subclaim 3. C € uy .

Proof. Suppose not, and let 4* = A%\ {w |k, € C}, define H*, h* by
restriction of HS, h®, and argue as above that extension of the condition
20 ~(w, A*, H*, h*) in the same “minimal” way to decide b demands adding
at worst one pair Y with Ky > k.o ; this gives an immediate contradiction. O

Pick for each g € C an appropriate zgz. Find C’' € u, on which zg is
constant, with value z* say, and such that every element chosen decides b the
same way. Shrinking A4® to

A=An{w|k,eC'},
defining 4’ so that for each § in C
z* ~ (W (B), B) ~ (w, A%, H®, H%(B)) || b,
and shrinking H® to H’' appropriately the proof is done. The condition
z* ~(w, A%, HS, h') decides b. O

Step Eight. We conclude the proof by showing that b can be decided by a direct
extension of pO.

Proof. We just use induction on the length of conditions and the following
obvious fact about the forcing Q,, .
Fact 1. If p € Qy is a condition of the form
x~(v,B,I,i)~(Py,d0) - (Py,0n) ~{w, A, H, h)
then Q. | p factors as P, x P, x P;, where
(1) oA=QylIx~(v,B,1,i).
(2) Py = P(iy,,00) | Pox -+ x P(Op=1, On) | Py
(3) Ps=Qyu | {(6n) ~{(w, A, H, h).

The theorem is proved. O

Using this theorem we can go some way towards showing that the cardinals
of the extension by (Q, are exactly those which we have not taken steps to
collapse.

Theorem 2. Let ¥, F be Qu-generic and as usual define ko, = Kyn). Then
Jor every o the V-cardinals k., ki+, k3, kI*, are cardinals in the generic
extension.

Proof. We divide the proof into two cases.

Case (1) a is a limit. One application of the theorem shows that if X is
a bounded subset of x, in the extension then X is generic for forcing of
cardinality less than x,; hence k, survives as a cardinal. Similarly if X is a
bounded subset of x4 then X is in the extension by Q,, , which is k}*-c.c.
and therefore preserves k}2, k3, k14,

Case (2) « is a successor. Say a = A+ n for A limit. As before it is easy to
argue that x, is preserved. Now we have that bounded subsets of x}* are in
the extension by

Quiy X Pk, Kap1) X oo+ X P(Kgyn—1, Ka) s
which is k}*-c.c. forcing. The theorem is proved. O
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Of course we have explicitly collapsed x} for a successor, so the question
left open here is the fate of ¥} when « is limit. The answer to this must await
the fine analysis of Q,,-genericity which we undertake in the next subsection.

We also make the remark that the same kind of analysis will show that we
have not added too many subsets to any cardinal of the extension; in fact, once
we have shown that x} is preserved for o limit it will be easy to show that in
the extension GCH holds at all successors and fails at all limits.

3.5. The geometric condition. We prove a simple criterion for Q,, genericity,
analogous to Mathias’ criterion for Prikry genericity [M]. Recall that if (i, F)

is generic with lh(#) = lh(l_; ) = 4 then

(a) If u <4 issuch that lh(u,) > 1 then the pair (i | u, F [ u) is generic
for the forcing Q,, .

(b) VAeVe,+1 (A€eFy e 3B Ya> B u, € A4).

(c) VHew(l) 3 Va>f H(k,, Kot1) € Fy.

Theorem 1. The pair ((u, : a < A), (F, : a < 1)) is generic if and only if it
satisfies conditions (a), (b), (c).

Proof.

Lemma 1. Let D be an open set, and let A, H, B be such that D is dense
below (B) ~ (w, A, H, H(B)). By the methods of the Prikry property proof,
Steps One and Two, it may be assumed that if

X/\(W,A/,Hl,h/)s(ﬂ)/‘\('LU,A,H,H(ﬂ))
is a member of D and x, > B then
x ~{(w, A, H, H(ky)) € D.

Then there exists j < w such that (introducing a quantifier v, , where ¥y x ¢(x)
is to be interpreted as “¢(x) holds on a set in the ultrafilter u”)

3ng Vi (6), ..., 69) AP, ..., Po) 3Bo>1 Vi gyto 340 IHp

Inj Vo (8], ..., 60) 3P, ..., Pl) 3B > 1 Vi u; 34; 3H;
(B) ~(PD, 60y ~ - ~ (P2, 60) ~ (uo, Ao, Ho, Ho(57,))
~ e~ (P 8]y~ ~ (P 8L) ~ (uy, 4y, Hy, H(B))
~(w, 4, H, H(ky,))
extends (B ~(w, A, H, H(B)) and isin D.
Proof of Lemma 1. Suppose not. For the sake of brevity abbreviate the formula

“(BY ~ (P, 07) ~ -~ (P, Om) ~ (1o, Ao, Ho, Ho(dp))
~ee~ (P Sy~ (p,{”(s,{) ~(uj, 4j, Hj,Hj((s;,'j))
"‘<'UJ,A, HaH(Ku,'))
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extends () ~ (w, A, H, H(B)) and isin D" to ¢;(3, P, w, A, H), and
the quantifier sequence

Vi Vg (81, ..., 65) V(P, ..., Py) VB> 1 Vg ui VA; VH;

to Q;. So for all j

QO Ql”'Qj ﬂ(ﬁj(gapa 'LE,A,H)-

Fix j and i < j for the moment, and define
Y:;={ui€A|h(u)=1VVA; VH; Qip1---Q; —~¢;(3, P, b, A, H)},
Y j={u|Vs &} <xky=>ueY’;}

for each

s=(62, ..., 89

np?

PY,..., P

ng °

U, Ao, ho, ..., P{, ..., P})
such that
VBi > 1 Y, thi VA;i VH; Qiy1--- QO ~;(3, P, w, 2, ITI)-
Now let i, j vary and define
Y =4t () [ Yi.s-
j<wi<w
For each t=(6?, ..., 4;, H;) such that

—

Vi1 Yyma (6771, 0, 6041y - VHyy Qipa---Qj~¢(8, P, W, A, H)

Niy1
define Z' "+ for each n;,; to be
{6 € [k | VP! VHiyy Qiva---Q~¢(8, P, W, 4, H)}

and find X! € U such that Vn;,; [X]"* c Z"% Find Y CY, Y €%,
such that (a) € Y/ Arank(t) <a = a € X' and (B) ~(w, Y, H, H(f)) has
some extension in D, say

yO“(“O’AO,HO,h0>’“""\yn’“(un’An,Hnahn>
~ Yn+l "\<'U), Y’HaH(Ky,,+1))€D-

As D is open it is possible to extend this condition to

yOA<uOsAO,H0a hO)A“'Ayn ’“(unaAn’HnahrJ
~VYne1 ™ (un+la An+1’ Hn+l, hn+1> — <'LU, Y, H, H(Kun+l)) €D,

contradicting the definition of Y’. O

Fix j with the property guaranteed by the lemma above. Using the same
idea as in Step Three of the proof of the Prikry property refine 4, H to A4*,
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H* such that

3ng Vi (87, ..., 0p) 3o > 1 Viyp tto 340 € Fy 3Hy € by,

3nj Vyn, (8], ..., 65) 3B > 1 Vi u; 34; € F, 3H; € hy,
(B) ~(H*(B,07), ) ~ -~ (H*(69_1, Op.) > Om)

~(ug, Ao, Ho, Ho(83)) ~ -+ ~ (H*(ku,_, , 61), 6])

~ o~ (HYS) 8, )

~{uy, Ay, Hy Hy(81) ~ (w, A7, B, H* (k)
extends () ~ (w, A*, H*, H*(f)) and is in D.

Abbreviate this formula as
RoR, - Ryw(8, @, 4, H).

At the same time arrange that the J; drawn from A* all come from appropriate
measure one sets, as in the proof of the previous lemma.

Lemma 2. With the same hypotheses and notation as above there exist A**, H**
refining A*, H*, such that if ((v, 1y < u), (G, :y < u)) satisfies conditions
(a), (b), (c), vo = (B), and in addition

v, € A™,
vy ] (Ko, Kv,,,) € dom(H™ ),
H*(Ky, , Ky,,,) € Gy,

then D meets the filter on Q,, generated by ((v,:y < u), (G, :y < u)).
Proof. For each

t=((5°,...,5,?0,u0,A0,H0,...,(5{,...,(5,’;1,)
such that
3B, > | Vgt 34; € Fy 3H € by, Rigi--- Ryw(8, 15, 4, H)

fix an appropriate S’ and functions f*, g’ defined on a set X' € w(f’) such
that

Vui € X' A; = f(w) ANH; = g'(u;) = Rip1 - Rjw(3, 0, 4, FI)~

Now perform the following construction (which is reminiscent of the proof of a
subclaim in the proof of the Prikry property, and indeed would prove a slightly
stronger result in which “ H-parts” are dependent on the sequence chosen in a



34 JAMES CUMMINGS

more arbitrary way):
‘A ={v|{ulvefw}ewB)}=jNw'A,
‘A ={v{ul f)nV, € F } ew(p)}
={v|4nV, eF},
‘A3 ={v|{ulg() ) €h}ew(p)}
={v]j@w ) k] €hy},
H' =j(g")(w B,
tAO — U IA?,
0<i<3
‘A' = {u| Y €'4° Kk, <Ky
={ulvefu)nfu)nv,
€Zngu) I K)> €hy} €w(B)},
‘A’ = {x|VC € % 3u<lh(x) Cn'A' € x(n) }.
As in the Prikry property proof it is easy to show
‘Aepn () wk), ‘4 ew(p),
I<y<pt
‘43 e ﬂ w(y), 'A =ger U ‘Al e F,.
Bi<y<lh(w) i<2
Define A4**, H** by taking the diagonal intersection of ‘4, H’ over suitable
t. To show that this construction works, select an ny such that
Vo™ € [{a|(a) € 4™ 1" 3By Vi 4o FAoHo Ri-- Ryw(S, @, A, H).

Define §? by v; = (6?) for 1 <i<ng. Set to=(6?,...,6°). Find po the
least u with v, € 4! . The existence of such a x is guaranteed by conditions
(a), (b), (c), for if ¥ avoids A4 on a final segment then by (b) (®A)¢ € F,
which is absurd. Set up =v,.

Claim 1. The condition
(B) ~ (H™(B, 67), 60) ~ - ~ (H™(On 1 Ony) > Oy)
~(uo, f(u0), 8°(uo), 8°(o0)(dp,)) ~ (w, A™, H*™ , H**(ky,))
is in the filter generated by (7, G).
Proof of Claim. 1t will suffice to show that for v < u
vy € f°(uo),  g°(uo)(ku, , Ky,,,) € Gy.

By construction v, € 04! . If v, € 940 then v, € f%(uy) by the definition of
4! . Suppose that v, € 942, Then for some o

fh,)n"4% e v, (o)

but the sequence (vs:d < v) avoids this set, contradicting the local genericity
condition (a).
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So v, € f(up). To get the second clause of the claim notice that by con-
struction

H* (K, , Ku,,,) < 8°(uo)(Ku, » Ku,,,)
but H**(ky, , Ky,,,) € G, so g"(up)(ky, , Kv,,,) € G, . The claim follows. 0O

Now select n; and so on; after j stages this process will produce a condition
in the filter which also liesin D. O

Now fix E a dense subset of Q,. Let x be a lower part of the form
z~(v,B,1,i),ie., alower part which is a member of some Q, .
If g=(ky) ~y ~(w, C,J,j) then define

X@q_—’defxf\y/'\(w,c, Jaj)‘

Let
Ex=def{q€Qw|x@q€E}.
Fix v, and use the Prikry property to find A4, , H, such that

v)~(w,4,,H,,H,(v))||3g x®&qg€E

for each x with x, = v. Say that x is good or bad depending on whether
q 1is forced to exist or not. If x is good it is easy to see that E, is dense
below (xx) ~ (w, A, , Hc , Hc (kx)). Apply Lemma 6.3 to produce appro-
priate A%*, H* for each good x, and define A", H' by taking the diagonal
intersection over all good x . Because of (a), (b), (c) there is some f < 4 such
that Ih(ug) > 1 and for all o >

U, € A", (ky,,ky,,,) € dom(HY), Hi(ky,, ,ky,,) € Fy.

Lemma 3. Good x are dense in Qy, .
Proof. Fix x € Qu, , and extend

x~(w, A Hx,,ﬁ , quﬂ (Kug»

K"b’ >

to

x'~s~{w, Axuﬂ , quﬂ » quﬁ (xs)) €D,

where x’ € Q,, . x' must be good. O

So find a good x in the filter on Q,, generated by (& | §, F [ B). By
construction there is a ¢ € E, which also lies in the filter generated by
((uy : <y <A),(F,: B<y<A). So x®q € E, and this also lies in the
filter generated by ((u, : y < A), (F, : y < 4)). So the latter filter meets every
dense set and is therefore generic. O

3.6. The forcing preserves successors. We are now able to answer the question
which was left unsolved by the Prikry lemma, namely whether the successors
of limit points on the generic sequence are collapsed. By the Prikry lemma
it is enough to decide whether Q,, collapses k). The proof given here was
suggested by Hugh Woodin, and replaces a much clumsier one which used the
canonical generic object described in the next section.
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Theorem 1. If G is Q,-generic then k., is a cardinal in V[G].
Proof. Suppose not, and let 7 be a term and p € Q,, a condition such that

DIFTiky - Kl

Find 6 some large regular cardinal such that p,t, Q,, arein Hy. Find X < Hy
such that V,,, C N and p, t, Oy arein X, and such that |X| = x,, . Let
m: X — N be the Mostowski collapse of X to a transitive set N. Force over

H, with @, | p to get a generic (7, F).

Claim 1. The pair (7, F ) is m(Qy)-generic over the model N .

Proof. This is immediate using the geometric criterion for genericity and the
observation that we have

1(F)=FuNN, zn(w(l)=w(l)NN. O

Let G be the generic filter on Q,, corresponding to (7, F ), and let G be
the filter on 7n(Q,,) similarly defined. Observing that 7~! maps elements of G
to elements of G, we build an elementary embedding

k : N[G] — Hy[G].

But 7(p) € G so the interpretation of ¢ by G must be f: Ky — (kKu)j -
But (k)5 is the critical point of k so k(f) = f, while by elementarity
k(f): kw — K, . This gives a contradiction. O

3.7. A canonical generic sequence. Radin showed in [R] that generics for Radin
forcing can be generated by iterated elementary embeddings; the same is true
for Q. , with a similar proof (Radin’s iterative scheme for choosing the ordinals
to which sequences are restricted has the same effect as the one given here).

Fix w € U, , with constructing pair (k, F), where lh(w) < k(k,). Iterate
k to get a sequence of models (M, : a € ON) (where My = V') and embeddings
k.p for a < B in the usual way. Define F, = koo (F), Ko = koa(kw) for each
a € ON. Itis easily seen that F, is P(ka, Kat1)M,-gen€ric over My for g > a;
also if a <o’ < B then F, and F, are mutually generic over My . Define by
induction a sequence (u,)

Uy, = (K,), « Zero or a successor,
Uy = Koo(W) [ A, « limit,

where in the limit case A, is the least 4 < lh(kp.(w)) such that for some
X € koo(w)(4) the sequence (ug : f < a) avoids X if such A exists, and
Aq = Ih(ko.(w)) otherwise. The construction ends at o in the latter case.

Lemma 1. For all o such that u, is defined and lh(u,) > 1 the pair ({(ug: f <
a), (Fg : B < a)) is generic over M, for the forcing Q,, .

Proof. By induction on «. The nontrivial part is to show that the sequence
(ug : B < a) generates the filter ., . One direction is easy; suppose that X
belongs to M, and contains a final segment of & | a, but X ¢.%, . So for some
? < Ao, X© € koo(w)(y) . But by the minimal choice of 4,, {# <a|uge X}
is unbounded in « and this is absurd.
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For the other direction let X € ., . Fix Y € ko,(w)(4,) such that VB < a
ug ¢ Y, and define
Z={v|3u YNV, vy}

A familiar style of argument using k., (Which generates the sequence ko, (w) )
shows
T=XUYUZ € )

a is limit, so by the definition of direct limit for all large f < a T = kgo(7T3),
where Ty € F,w)- But kgg,i generates kog(w), therefore for such f

¥y <lh(kog(w)) kog(w) Iy € Tpy1.
kgi1o fixes the sequence kog(w) [ 7, because

lh(kog(w)) < kop+1(ko) = crit(kog1)-
So

¥y < lh(kog(w)) kog(w) [y €T.

As the construction did not halt at f, ug is a proper initial segment of kog(w),
so ug € T. But now it must be the case that ug € X ; for certainly ug ¢ Y,
while if ug € Z then (as by induction (u, : y < B) is Qy,-generic over Mg )
thereis y< f, u, €Y. O

Theorem 1. The construction of the u, terminates at some stage.

Proof. Suppose not. Fix u a large enough regular cardinal and select X, €
koo(w)(A,) for each limit a < u such that @ | a avoids X,. A familiar
argument from the theory of inner models (see, e.g., Lemma 4 of Mitchell’s
paper [Mil]) shows that for some stationary set S C u

V(a, B) € [ST koa(da) = A A Koa(Xa) = Xp
Fix such a pair (a, B). X € koo(w)(4q) , SO arguing as above
Uy = k()a(w) [Aa € ka/J’(Xa) = X/J s
contradicting the choice of Xz. O

3.8. Repeat points and the preservation of large cardinals.
Definition. Let w € Uy, . a <1lh(w) is a repeat point for w iff
VX X ew(a)=>3f<a X ew(f).

Lemma 1. If lh(w) > (2%)* then w has a repeat point.

Proof. Foreach v < lh(w) which is not a repeat, fix (by the definition of repeat
point) X, € w(v)\U,., w(x). There are only 2*v possible X, . O

Lemma 2. If B is a repeat point for w and A € Fp then A€ w(f).

Proof. Suppose not: then 4° € w(f), so as B is a repeat point there is a <
with A° € w(a). But this is absurd. O

Lemma 3. Let w € Uy, with (i: V — M, g) a constructing pair and lh(w) <
i(kyw). Let B <1lh(w) be a repeat for w, and v=w | B. Let

p=x~(v,A,H,h)eQ,.
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Then

p ~(i(v), i(4), i(H), i(H)(ky)) <i,) {(p)-
Proof. 1t is required to show that (v, A, H, h) can be added to i(p) = x ~
(i(v), i(4), i(H), i(h))y. A€ %, sobyLemma2 A4 € w(f) and therefore
v=w|B€i(d). Also A=i(A)NV,,, H=Ii(H)|[k,]*,and h=i(h) [k, .
The lemma is proved. O

Now we use the canonical generic sequence constructed in the last section to
show that the forcing Q,, can preserve large cardinal properties of x,, . It is
possible to do this proof in the style of [R], using the Prikry lemma to define
extenders in the generic extension, but the proof we give here is rather shorter
and more perspicuous.

Theorem 1. With the same assumptions as in Lemma 3 let G be generic for
Qu:p » and do the construction from the last subsection to produce an o and an
H such that H is io,(Qy:p)-generic over M, , where ig,: V — M, is the ath

iterate of i. Write G = (X, E), where X is a sequence of measure sequences
and E is an appropriate sequence of generic collapses; similarly let H = (i, F),
and define a new pair G+ H = (U, I), where

F=%~(wlp) ~il(dom@)\{xw)), 1=E~F.
Then G+ H is ioo(Quw:p)-generic over M, , and

Vp p € G & ig(p) € G+ H.

Proof. The genericity is immediate by the geometric condition, so fix p = x —~
(wl pB,A, H, h) with p € G. By the geometric condition it suffices to show
that p ~ (iga(V), i0a(A), ioa(H), ioa(H)(kw)) € G + H, which amounts to

showing that the sequences (excepting the first) from # and the generics from F
are controlled by the top part of this condition. By construction each sequence
occurring on # is a proper subsequence of some io,(w | f) for some y, say
igy(w) [ 4. As A is in all the measures on w [ B, iy (A4) € ioy(w)(4) by
elementarity, hence ip,(w) [ A € igy41(A); then igy(w) [ A € iga(A4) because

iy+1o has large critical point. That the entries of F are controlled by the top
part is immediate from the observation that ip,(H)(ky , i(ky)) € g. O

Now it is possible to extend the map iy,: V — M, to a map i*: V[G] —
M,[G+ H], so that certainly the measurability of x,, is preserved. In fact more
is true, for observe that if (k)" < A < i(ky) and A C M then i C M,,
because crit(i;,) = i(kyw) > 4. An easy chain condition argument shows that if
this is the case then

(P Vi) € MolG + H]

so that we can preserve any strength that the embedding / may happen to have.
3.9. The final model.

Main Theorem. If it is consistent that GCH holds and there is a Psk-hyper-
measurable cardinal, then it is consistent that GCH hold at every successor and
fail at every limit.
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Proof. The proof of the Main Theorem is now straightforward. We perform the
Reverse Easton construction of §2 to get the initial hypotheses of this section.
Then using the constructing pair (j, F) we build a sequence u with one repeat
point B. We force with Q4 , and then truncate the model V[G] (in which x
is % k-hypermeasurable) at x . The result is a set model of ZFC in which GCH
holds at every successor and fails at every limit, containing many moderately
large cardinals.
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